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Abstract
	Wee and Chung [3] incorporated the integrated single-vendor single-buyer inventory model with backorder, JIT delivery and inspection cost. They used a simple algebraic approach and proved that the model has an optimal solution for the condition of . However, they did not provide the optimal solution to the problem when the restriction is not satisfied. In this note, the authors provide some patch works to enhance the volubility of Wee and Chung’s paper.
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1. Introduction
In 2007, Wee and Chung [3] proposed the integrated single-vendor single-buyer inventory system with backorder, JIT delivery and inspection cost. They refer to the approach by the Grubbström and Erdem [2], and derived an algebraic method to solve the three decision variables of the proposed model under the condition . However, the researchers did not provide the optimal solution to the problem when the condition is not satisfied. In this note, the authors relax their condition of  and provide an algorithm to find the optimal solution to the problem.

2.	Assumptions and notation
The assumptions and notation used in this study are exactly the same as those in Wee and Chung [3].
Assumptions:
(a)	Production rate is greater than demand rate.
(b)	Production rate and demand rate are independent of production lot size, and are constant.
(c)	Shortages are allowed for the buyer.
(d)	The system does not consider wait-in-process items and the defective items.
(e)	Before the vendor’s shipment, the final inspection is implemented.
(f)	The replenishment is instantaneous and the lead time is constant.
(g)	The players have complete information of each other.
(h)	The number of vendor’s shipment is an integer number.
(i)	A single item is considered.
Notation:
		demand rate
		production rate
		the production lot size per cycle time
		holding cost per unit per year for the vendor
		the vendor’s setup cost per cycle time
		the vendor’s variable inspection cost per delivery
		the vendor’s unit inspection cost
		the vendor’s fixed inspection cost per production lot
		holding cost per unit per year for the buyer
b		backordering cost per unit per year for the buyer
		ordering cost per delivery for the buyer
n		the number of delivery per cycle
Q		the delivery batch size per delivery
		maximum shortage level for buyer
3.	Review of the previous work
In Wee and Chung’s [3] research, the integrated inventory model with the buyer’s backlogging, the JIT delivery and inspection cost was developed, and the integrated system’s total cost is given by 

      .	(1)
	Referring to Grubbström and Erdem’s [2] and Wu and Ouyang’s [4] algebraic method, equation (1) can be rewritten as
,	  (2)
where
           	(3)
and
           .	(4)
For fixed integer n, equation (2) has a minimum value when the two quadratic non-negative terms are made equal to zero. Therefore, the optimal solution of Q (denoted by ) is
	(5)
and the optimal backordering level  is
           .	(6)
Substituting (5) and (6) into (2), the optimal integrated system’s total cost for fixed n is as follows:
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=
+,	 (7b)
where
,	(8)
.	(9)
Wee and Chung [3] assumed that , and from equation (7b), setting , the number of delivery n was derived as follows:
.	(10)
	Since the value of n is a positive integer, the optimal value of n (denote by ) is
		, where ; otherwise,
		,
where  is the integer operation, where the integer value is equal or less than its argument.
4.	Further analysis of inventory model for 
	In this section, the authors relax the restriction of  for Wee and Chung [3] model. If the condition of  is satisfied, then the optimal solutions are same as Wee and Chung’s [3]. However, if , then the following process to obtain the optimal solutions can be used.
	From equation (7a), we have

,	(11)
where
		,
		,
		.
The right hand side of equation (11) is a function of n and we denote it by, that is,
		.
For any two positive integers  and  (where ), we have
		
since  and . It implies that , or equivalently, and thereby  is a strictly increasing function of n (because  by (7a)). Therefore, the optimal solution of n such that  has a minimum value is  (which means the vendor’s product lot size per cycle is equal to the buyer’s order size), and thus, from equations (5), (6) and (7), the following results can be obtained.
,							     (12)
and 
,	(13)
.		 (14)
Now, the algorithm to obtain solution of  can be established as follows:
Algorithm.
Step 1. Calculate . If , go to Step 2; 
otherwise, go to Step 3.
Step2. Determine n from (10), and then compute the corresponding  and 
 from equation (7a). If , then ; otherwise . Go to Step 4.
Step 3. The optimal solution n is obtained; i.e., .
Step 4. Substituting  into (5) to evaluate , and then  by (6).
Once is obtained, the optimal integrated total cost  can be found from (7a).
5. Numerical examples
To demonstrate that our improvement can be used to derive the optimal solution, the authors consider two examples that consists of the different situations of demand rate and .
Example 1. In order to illustrate the above solution procedure, let us consider an inventory system with the data as in Goyal [1]:  units/year,  units/year, $25/order, $400/set-up, $5 per unit per year, and =$4 per unit per year. Besides, for the shortage case, we take $10 per unit per year and the inspection cost is $2 per unit, $100/per production lot and  per delivery.
Applying the proposed algorithm, we check the condition
.
Then the value of  from Equation (10) is . Since , the optimal number of deliveries is . Substituting  into equations (5) and (6), we obtain the optimal order quantity , and optimal backlogging amount . The optimal solution is shown in Table 1.
Example 2. The data are the same as in Example 1 except  units/year. Under the parameter values given above, we check the condition

Then, by using the proposed algorithm, the optimal number of deliveries is . Next, utilizing equations (12) and (13), we have the optimal order quantity  and the optimal backlogging amount . The optimal solution also lists in Table 1.
Table 1. The optimal solution under different 
				
10	1.834	155	51	4
2	-0.071	629	449	1
				
6. Conclusions
	From the above proof, this research significantly enhanced the previous important work by Wee and Chung [3] and provided a complete process of the optimal replenishment policy for the integrated vendor-buyer inventory system. Previous scholars only considered the case, which is incomplete. The authors developed the total cost under the restriction  case to make Wee and Chung’s important inventory model more complete.
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